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1 Interest of transfinite ordinal numbers

The domain of transfinite ordinals has the particularity of being the only mathematical domain that cannot be automated.
In all other domains of mathematics, it is at least theoretically possible to deduce the theorems automatically from a formal
system consisting of a finite set of axioms and rules. But Gdédel proved that given any formal system of a theory sufficiently
powerful to contain arithmetics, it is possible to build a proposition that expresses its own unprovability in this formal system.
This proposition, which is very huge, has also a meaning as an ordinary arithmetic proposition, but is very useless in ordinary
arithmetics. If the formal system is consistent, then this proposition is undecidable.

At first sight one could think that we just have to add this proposition to the system as an axiom, but this augmented system
also have its own Godelian proposition. By adding successively Godelian propositions, we obtain an infinite sequence of systems,
and the system defined as the union of all these systems also has its Godelian proposition, and so on. But according to Solomon
Feferman in ”Penrose’s Godelian argument” http://math.stanford.edu/ feferman/papers/penrose.pdf p.9 :

”one obtains completeness for all arithmetical sentences in a progression based on the transfinite iteration of the so-called global
or uniform reflection principle”

The uniform reflection principle, which is something similar to adding the Gédelian proposition as an axiom, is described for
example in John Harrison’s paper ”Metatheory and Reflection in Theorem Proving: A Survey and Critique”
http://www.cl.cam.ac.uk/ jrh13/papers/reflect.ps.gz p.18 :

= vn.Pr([¢[n]]) = ¢[n]

Harrison also says p.19 :
”Feferman showed that a transfinite iteration based on it proves all true sentences of number theory”.
So we can say that the construction of transfinite ordinals can store all the creative part of mathematics.

2 Defining transfinite ordinal numbers

Natural numbers can be represented by sets. Each number is represented by the set of all numbers smaller than it.

e 0= {} (the empty set)

1={0} = {{}}

2={0,1} ={{}{{}}}

3=A{0, 1,2} ={{}, {{}, {1 {{3H)

The successor of a natural number can be defined by suc(n) =n+1=nU{n}.

We have n < p if and only if n C p.

N is the set of all natural numbers : N = {0,1,2,3,...} The natural numbers can be generalized to what is called ”transfinite
ordinal numbers”, or simply ”ordinal numbers” or ”ordinals”, by considering that infinite sets represent ordinal numbers. N
considered as an ordinal number is written w. w is the least ordinal which is greater than all the numbers 0, 1, 2, 3, ... We say that
w is a limit ordinal and 0, 1, 2, 3, ... is a fundamental sequence of w. This is written : w = sup{0,1,2,3,...} or w = lim(n — n)
because the n-th element (starting with 0) of the sequence is n. An ordinal does not have a unique fundamental sequence, for
example 1, 2, 3, 4, ... is also a fundamental sequence of w, because the least ordinal that is greater than all ordinals of this
sequence is also w (more generally the limit ordinal is the same if any number of the least items of a sequence are removed), and
the same stands for the sequence 0, 2, 4, 6, ...

Any ordinal can be defined as the least ordinal strictly greater than all ordinals of a set : the empty set for 0, {a} for the
successor of «, {ag, a1, ag, ...} for an ordinal with fundamental sequence ap, aq, @, ...



The successor can be generalized to transfinite ordinal numbers : suc(w) =w+1=wU{w} ={0,1,2,3,...,w}; suc(suc(w)) =
w+2={0,1,2,3,...,w,w+ 1} and so on.

Then we can consider the set {0,1,2,3,...,w,w+ 1,w+2,w+3,...} which is a limit ordinal, and w,w+1,w+2,w+3,... is a
fundamental sequence of this ordinal. This ordinal is w +w = w -2 or w X 2 or w2.

. . . w
Then we can go on building greater and greater ordinals : w-3,...,w-w = w?,w>,...,w*, w¥ ,....

For natural numbers, arithmetical operations are defined as follows :

e addition : a + 0 = a;a + suc(b) = suc(a + b)
e multiplication : a-0 = 0;a- suc(b) = (a-b) +a
e exponentiation : a® = 1; %4 =4 . ¢

The definitions of arithmetical operations can be generalized to ordinals by adding canonical rules for limit ordinals :

e addition : o+ 0 = a;a + suc(B) = suc(a+ B);a+ lim(f) = lim(n — a+ f(n))
e multiplication : a-0=0;a - suc(f8) = (a-B) + ;- lim(f) = lim(n — «- f(n))
e exponentiation : a® = 1;a5¢(®) = of . a; ™) = lim(n s of (™)

Note that addition and multiplication are not commutative, for example 1 + w = w # w + 1, because if we take 0, 1, 2, 3, ...
as fundamental sequence of w, then a fundamental sequence of 1+ w is 140, 1+1, 142, 143, ... =1, 2, 3, 4, ... and the least
ordinal which is greater than all ordinals of this sequence is w. We will say that "14” is "absorbed” by w. More generally, we
have 1 + o = « for any ordinal a > w.

For tutorial introductions to transfinite ordinal numbers, see also :

e Madore’s introduction in French :
http://www.madore.org/%7Edavid /weblog/2011-09-18-nombres-ordinaux-intro.html

e Pointless Gigantic List of Infinite Numbers :
https://sites.google.com/site/pointlesslargenumberstuff/home/1/pglin?tmpl=%2Fsystem%2Fapp%2F templates % 2F print %2F

e Shbiis Saibian’s !!! FORBIDDEN LIST !!! of Infinite Numbers :
https://sites.google.com/site/largenumbers/home/appendix/a/infinite_numbers

3 Veblen functions

The next step is the limit or least upper bound of w,w®,w*”, ... which is called 5. Note that we have w® = ;. We say that
go is a fixed point (the least one) of the function a — w®.
Then we can go on with eg + 1,69 +2,...,e0+€0=¢€0-2,...,60 €0 = 502,580,...
EO e
The limit of £9,5°, (" ,... is called 1. It can be shown that it is also the limit of g9 + 1,w™ !, w*""" ... (see proof below).

These two fundamental sequences are examples of two ways of ascending ordinals :

e Build greater ordinals from known ones by increasing them using operations like successor, addition, multiplication, expo-
nentiation, ... This method is used by the RSHO notation which we will study later.

e When we have found a function that, when applied to a given ordinal, gives a greater one (for example o — w?), use it ad
infinitum starting for example with 0, and then to go further use it ad infinitum starting with the successor of the previous
result, and so on. This is called an enumeration of the fixed points of this function. A fixed point of a function f is a value
(for example an ordinal) o with f(«) = «. Under some conditions (see below), the least fixed point of f is the limit of 0,
£(0), £(£(0)), f(f(f(0))), ... If it is called «, the next fixed point is the limit of «+ 1, f(a+1), f(f(a+1)), f(f(f(a+1))),....
More generally, the least fixed point of f that is greater or equal to ¢ is the limit of ¢, f(¢), f(f(¢)),. ... The Veblen functions
use this method.

The required conditions are described for example in http://www.cs.man.ac.uk/ hsimmons/ORDINAL-NOTATIONS/Fruitful.pdf
page 8 lemma 3.9 :

For each fruitful function f and each ordinal ¢, f({ + 1) is the least ordinal v such that { < v = f(v), or the least fixed point of
f that is strictly greater than ¢ (or greater than or equal to ¢ + 1).

f9(¢C+1) is the limit of (+ 1, f(C+ 1), f(f(C+1)),....
A fruitful function is a function that is inflationary, monotone, big, and continuous.



A function f is inflationary if @ < f(«a), monotone if « < 8 = f(a) < f(B), big if w* < f(a) except possibly for a = 0,
continuous if f(VA) = V{[A] where VA is the pointwise supremum of the set A.

We will now prove by induction the equivalence of the two fundamental sequences above.

a

We will use the notation a*  for an an ”exponential tower” with « repeated n times.
€0

Note that the ordinals respectively limits of the fondamental sequence whose n-th term is Egb and the one whose n-th term is

0
-EO

586 is the same, the least fixed point of the function o — g4, which is greater than w and also than .

w0t eo®
So we have proved what we want if we prove that, for any n, we have w*’ = 580
eo+1 €
For n = 0, we have w*™" = w¥ "% = @@ = (w)¥ = g¥.
weotl e w
w . 0
Now suppose we have w*’ = 580
Lwott c0®
w* 56
We must prove the equality for n+1, which can be written w® = 530
Www0T? s0® 0% s0%
w“’: 55‘:) : €1+E(:) co-ec0
We have w = w (by our hypothesis) = w®o (for the same reason than 1+ w = w, see above) = w0 %o =
g0 .50‘”
. Eb sgb
(we0)%o =g, . QED.
E +1
In a similar way, the limit of &1, £5* ,51 ,...is called &5 and is also the limit of &1 + 1,w®1 T W' ...
We can define the same way &, for any natural number n. Then ¢, is defined as the limit of €0,€1,€2,€3,..., and €,41 as the
ew+1
limit of e, € w,sw oty 1w L e
After comes ¢, and the limit of €o,&c,,&c. ;... which is called (p. This is the least fixed point of a + &,. The next one
is ¢1 which is the limit of (o + 1,&¢,41,€c.,4y5---- Then we get €2, (3,5 oy Cut1s -5 Cegr - -5 Cos -+ -5 Gy s - - The limit of

0, €05 C¢os Ceey s - - - 18 called np.
We can go on using successively different greek letters, or we can use functions indiced by numbers

e o o o o
©
[\
A~~~
,\\_/\%/\_/\_/
Il
Iy
Q

e »(0,) =w®
e v(l,a) =¢,
i (P(ZO‘) = (a
i @(3’04) = Na
e o(a+1,p) is the (1 + B)-th fixed point of & — ¢(a, &)

Then we can enumerate the fixed points of the function a — ¢(a,0) and define T, as the (1 + «)-th fixed point of this function,
or add another variable to the ¢ function and define ¢ o() or (1,0, ) as the (1 + «)-th fixed point of this function. So we
have T'y, = ¢1,0(a) = (1,0, ).

More generally, we can define a function with any (finite) number of variables @a, a,_1,....01,00 (8) = ©(Qn, Qn_1,..., 01,00, 06),
with (@) = go(a) = (0, @) = w®

The notation @a,, 4, 1,....a1,00(3) has the advantage of highlighting the different role played by the last variable 3.

For a complete definition of this Veblen function with finitely many variables, see for example :
https://en.wikipedia.org/wiki/Veblen_function :



"Let z be an empty string or a string consisting of one or more comma-separated zeros 0,0, ...,0 and s be an empty string or a
string consisting of one or more comma-separated ordinals ay, ag, ..., @, with a; > 0. The binary function ¢(/3,) can be written
as (s, B, z,7) where both s and z are empty strings.

The finitary Veblen functions are defined as follows:

* (7)) =u"
* ©(z,5,7) =¢(s,7)
e if 5> 0, then p(s, 3, 2,7) denotes the (1 + 7)-th common fixed point of the functions & — (s, 4, &, z) for each § < 8

()

The limit of the (1,0, ...,0) where the number of zeroes ranges over w, is sometimes known as the ”small” Veblen ordinal.
Every non-zero ordinal « less than the small Veblen ordinal (SVO) can be uniquely written in normal form for the finitary Veblen
function:

a=p(s1) +p(s2) + -+ p(sk)
where

e k is a positive integer

o p(s1) = @(s2) = -+ = p(sk)

® s, is a string consisting of one or more comma-separated ordinals o, 1, Qm 2, ...; Qm.n,, Where o, 1 > 0 and each a;, ; <
©(8m)

For limit ordinals a@ < SV O, written in normal form for the finitary Veblen function:

(p(s1) +@(s2) + -+ p(sk))[n] = p(s1) + (s2) + - - + ¢ (sw) ],
p(v)[n] =
—nify=1
— cp(fy 1) - n if v is a successor ordinal
@(y[n]) if 7 is a limit ordinal

e ©(s,8,2z,7)[0] =0 and (s, 8, z,7)In+ 1] = ¢(s, 8 — 1,¢(s, B, z,7)[n], z) if v =0 and S is a successor ordinal,

o o(s,08,z,7)[0] = ¢(s,B,z,y—1)+ 1 and ¢(s, B, z,7)[n+ 1] = (s, 8—1,¢(s, B, z,7)[n], z) if v and B are successor ordinals,
o o(s,B,z,7)[n] = ¢(s,B,z,v[n]) if v is a limit ordinal,

o o(s,B,z,7)[n] = ¢(s,Bn],z,v) if v =0 and f is a limit ordinal,

o ©(s,B,z,7)[n] = ¢(s,B[n], (s, B,2,v—1)+1,2) if v is a successor ordinal and § is a limit ordinal. ”

The Veblen function can be generalized to transfinitely many variables with a finite number different from 0. Instead of writing
the list of all the variable of the Veblen function, we can write only the non zero variables with position as indice, for example
o(a,0,8,v) = p(as, B1,7). We can then generalize the Veblen function by allowing any ordinal as indices, writing for example
SVO = ¢(1,). The limit of the ordinals that can be written with this notation is called the large Veblen ordinal (LVO).

According to Wikipedia, ”The definition can be given as follows: let a be a transfinite sequence of ordinals (i.e., an ordinal
function with finite support) which ends in zero (i.e., such that ag=0), and let [0 — 7] denote the same function where the
final 0 has been replaced by v. Then v — ¢(a[0 — 4]) is defined as the function enumerating the common fixed points of all
functions £ — ¢(8) where § ranges over all sequences which are obtained by decreasing the smallest-indexed nonzero value of
a and replacing some smaller-indexed value with the indeterminate £ (i.e., 8 = aftp — (, ¢ — £] meaning that for the smallest
index (¢ such that «,, is nonzero the latter has been replaced by some value ¢ < «,, and that for some smaller index ¢ < ¢g , the
value «, = 0 has been replaced with £ ).”

Schiitte brackets or Klammersymbols are another way to write Veblen fuctions with transfinitely many variables. A Schiitte
bracket consists in a matrix with two lines, with the positions of the variables in the second line in increasing order, and the
corresponding values in the first line. This matrix is preceded by the function & +— (€). If we take £ — w®, we get the equivalent
of the Veblen function. With this notation, the previous example is written :

e (7 B «
In some of his papers, Harold Simmons puts the function after the matrix, which is more logical, the matrix being considered as
a function which, when applied to a function, gives an ordinal :



v B o« I3
(5 7 §)Emw
When the function at the left of the matrix is &€ — w¢, it is sometimes omitted. Example :

613
0 1 3

The corresponding fundamental sequences can be found in https://sites.google.com/site/travelingtotheinfinity /fundamental-
sequences-for-extended-veblen-function .

Another possible notation is to represent the parameters of the ¢ function by a polynom of variable {2 where the exponent

0 1 3

For Q, we can choose an ordinal which is greater than all the ordinals we want to produce. Since they all are countable, we can
take for example 2 = w; which is the least uncountable ordinal. The method consisting in using uncountable ordinals to define
countable ordinals is called ”collapsing”. We will see later other examples of notations using this method.

Note that ¢(1,0) = () is the least a such that a = p(a) = w® (the least fixed point of a — w®); ¢(1,0,0) = p(2%) = (- Q)
is the least a such that o = (e, 0) = @(£2 - ). Generally speaking, we can see that f(£2) is the least fixed point of f. We shall
see other examples of this equality later concerning ordinal collapsing functions. Note also that ”2” can be replaced by ”1,0” in
the formulas.

corresponds to the position of the variable, for example (a0, 3,7) = ©(Y0, B1, ) = (€ = wf) (7 B a) = o(23-a+Q-8+7).

See Veblen’s article ” Continuous Increasing Functions of Finite and Transfinite Ordinals” ( http://www.ams.org/journals/tran/1908-
009-03/50002-9947-1908-1500814-9/50002-9947-1908-1500814-9.pdf ) for more information.

Here is an Agda implementation of the Veblen function with transfinitely many variables :

{-
A definition of the large Veblen ordinal in Agda
by Jacques Bailhache, March 2016
See https://en.wikipedia.org/wiki/Veblen_function
(1) phi(a)=wx*a for a single variable,
(2) phi(0,an-1,...,a0)=phi(an-1,...,a0), and
(3) for a>0, c->phi(an,...,ai+l,a,0,...,0,c) is the function enumerating the common fixed points of the
functions x->phi(an,...,ai+l,b,x,0,...,0) for all b<a.
(4) Let a be a transfinite sequence of ordinals (i.e., an ordinal function with finite support) which ends 1]
zero (i.e., such that a0=0), and let a[0->c] denote the same function where the final O has been replac
by c.
Then c->phi(a[0->c]) is defined as the function enumerating the common fixed points of all functions
x->phi(b) where b ranges over all sequences which are obtained by decreasing the smallest-indexed nonze:
value of a and replacing some smaller-indexed value with the indeterminate x (i.e., b=ali0->z,i->x]
meaning that for the smallest index i0 such that ai0 is nonzero the latter has been replaced by some val
z<ai0 and that for some smaller index i<iO, the value ai=0 has been replaced with x).
-}

module LargeVeblen where

data Nat : Set where



0 : Nat
1+ : Nat -> Nat

data Ord : Set where

Zero : Ord

Suc : Ord -> Ord

Lim : (Nat -> Ord) -> 0rd

——rptnf x=f£f"n)

rpt : {t : Set} -> Nat -> (t > t) >t > t
rpt 0 f x = x

rpt (1+ n) £ x = rpt n £ (f %)

-- smallest fixed point of f greater than x, limit of x, f x, £ (f %),
fix : (0Ord -> 0rd) -> Ord -> Ord
fix £ x = Lim (\n -> rpt n f x)

w = fix Suc Zero -- not a fixed point in this case !

-- cantor a b =Db + wla

cantor : Ord -> Ord -> Ord

cantor Zero a = Suc a

cantor (Suc b) a = fix (cantor b) a

cantor (Lim f) a = Lim (\n -> cantor (f n) a)

-- phi0 a = w"a
phiO : Ord -> Ord
phi0 a = cantor a Zero

-- Another possibility is to use phi’0 instead of phiO in the definition of phi,
-- this gives a phi function which grows slower

phi’0 : Ord -> Ord

phi’0 Zero = Suc Zero

phi’0 (Suc a) = Suc (phi’0 a)

phi’0 (Lim f) = Lim (\n -> phi’0 (f n))

—— Associative list of ordinals
infixr 40 _=>_&_
data OrdAList : Set where
Zeros : OrdAList
_=>_&_ : Ord -> Ord -> OrdAList -> OrdAList

-- Usage : phi al, where al is the associative list of couples index => value ordered by increasing values,
-- absent indexes corresponding to Zero values

phi : OrdAList -> Ord

phi Zeros = phiO Zero -- (1) phi(0) = w**x0 = 1

phi (Zero => a & Zeros) = phiO a -- (1) phi(a) = wxxa

phi ( k => Zero & al) = phi al -- eliminate unnecessary Zero value

phi (Zero => a & k => Zero & al) = phi (Zero => a & al) -- idem

phi (Zero => a & Zero => b & al) = phi (Zero => a & al) -- should not appear but necessary for completeness
phi (Zero => Lim f & al) = Lim (\n -> phi (Zero => f n & al)) -- canonical treatment of limit

phi ( Suc k => Suc b & al) = fix (\x -> phi (k => x & Suc k => b & al)) Zero

-- (3) least fixed point
phi (Zero => Suc a & Suc k => Suc b & al) = fix (\x -> phi (k => x & Suc k => b & al)) (Suc (phi (Zero => a &
Suc k => Suc b & al))) -- (3) following fixed points



phi ( Suc k => Lim
phi (Zero => Suc a & Suc k => Lim
Suc k => f n & al)) -- idem

phi ( Lim f => Suc
phi (Zero => Suc a & Lim f => Suc
f =>b & al))

phi ( Lim £ => Lim
phi (Zero => Suc a & Lim f => Lim
f =>gn& al))

al) = Lim (\n -> phi (Suc k => f n & al)) -- idem
al) = Lim (\n -> phi (k => Suc (phi (Zero => a & Suc k => Lim f & al)) &

H
1S5S

& al) = Lim (\n -> phi (f n => (Suc Zero) & Lim f => b & al))
& al) = Lim (\n -> phi (f n => phi (Zero => a & Lim f => Suc b & al) & Lim

o o

al) = Lim (\n -> phi (Lim f => g n & al))
al) = Lim (\n -> phi (f n => phi (Zero => a & Lim f => Lim g & al) & Lim

SmallVeblen

phi (w => Suc Zero & Zeros)

LargeVeblen = fix (\x -> phi (x => Suc Zero & Zeros)) (Suc Zero)

{-
Normally it should terminate because the parameter of phi lexicographically decreases, but Agda is not clever er
so it must be called with no termination check option :

$ agda -I --no-termination-check LargeVeblen.agda

O
/N ||
|

[ U I (R
I —— /7 _\/ _ |/ __\ Agda Interactive
L1 1/ 7NN/ /721N
[ INC_ /o \_____ / Type :? for help.
1/
\__/

The interactive mode is no longer supported. Don’t complain if it doesn’t work.
Checking LargeVeblen (/perso/ord/LargeVeblen.agda).

Finished LargeVeblen.

Main> phi Zeros

Suc Zero

4 Going beyond Veblen function with transfinitely many variables

We start with the large Veblen ordinal which is the least fixed point of the function a — ¢(1,). Then we consider a function
F which enumerates the fixed points of @ — ¢(1,). So we have LVO = F(0). The next fixed point F(1) is the limit of
LVO +1,¢(1rvo+1)s 90(190(1Lvo+1))7

Then we can consider the fixed points of the function F and define a function G which enumerates these fixed points, then a
function H which enumerates the fixed points of G, and so on.

This construction is similar to € which enumerates the fixed points of & — w®, { which enumerates the fixed points of £,  which
enumerates the fixed points of (.

Like we have defined :

- po(a) = w?
- p1(a) = e(a)
- pa2(a) = ((a)

;z;/.e can define :

- ¢y (@) = F(a)
- o1 (@) = G(a)
- 3 @) = H(a)

With this notation we can write LVO = ¢ (0).



Then ¢F(3) can be written as a binary function ¢ (a, 8) which can be generalized to finitely many variables like ¢ (a, 3,7)
and transfinitely many variables like ¢ (1,,).

Then we can consider the fixed points of the function o — ¢*(1,) and define a function ¢ which enumerates these fixed
points.

The same way we can define T+, pt+++

We can then define a new notation :

SPy=¢
'(PIZL)OJ'_
_@2:¢++

There is another way to express this construction.

There are different conventions for ¢o(z), like w” or ;. We can write explicitely the convention chosen for ¢y by writing
"pr(a, B)” for "¢, (8) with function f used for ¢y”. With this notation we have:

- r(0.8) = 1(8)

- pr(la+1,5) = (14 B)th fixed point of the function S +— ¢s(c, f)

- ¢f(A, B) = (1 + B)th common fixed point of the function g8 — ¢y (a, B) for all & < A, if A is a limit ordinal.

( See http://www.cs.man.ac.uk/ hsimmons/TEMP /OrdNotes.pdf )

Then we generalize the binary function ¢f(a, 3) to finitely many variables: for example ¢£(1,0, ) = (1 + «)th common fixed
point of the function £ — ¢(£,0) ( see https://en.wikipedia.org/wiki/Veblen_function ) and to infinitely many variables with a
finite number of them different from 0, for example ¢ (1,,).

Then we can define new ¢ functions by taking for o the function £ — ¢(1¢) and define functions e, +(1¢) with 2 variables,
with finitely many variables and with transfinitely many variables.

To make a correspondence with my previous construction, if f is the function & — w¢, then ¢ #(a, B) corresponds to what I wrote
@a(ﬁ% and <)0§|—>gof(15)(aw8) to @g(ﬁ)

If we define the function S by S(f)(§) = ¢y (l¢), then ey, (1,) can be written ¢g(r). We can then consider pg(s(y)) and so on.
Given an ordinal o, we can iterate transfinitely "« times” the application of S to an initial function fo, for example fo(¢) = w¢,
to obtain a function which I will write S%(fo). We can use this function to define a function @ga (s, which permits to construct
big ordinals.

5 Simmons notation

Harold Simmons defined a notation ( see http://www.cs.man.ac.uk/ hsimmons/ORDINAL-NOTATIONS/ordinal-notations.html
) based on fixed points enumeration which ”contains” Veblen functions and permits to go further.

He uses the lambda calculus formalism, in which f x represents the application of function f to x, and f x y = (f x) y the
application of function f to x which gives another function which is applied to y giving the final result. He uses tho notation
2+ y to represent the function which, when applied to x, gives y (instead of the traditional lambda calculus notation Az.y ).
He also uses the notation w*® for a — w®.

f o g represents the composition of functions f and g : (f o g)a = f(ga).

f© is a canonical generalization of of exponentiation of a function to an ordinal power : f™ represents fo fo...o f with f
repeated n times, f*( is the limit of ¢, f ¢, f(f ), ..., fTI¢ = f(f“¢) and so on.

More precisely, Simmons gives the following definitions in http://www.cs.man.ac.uk/ hsimmons/TEMP /OrdNotes.pdf page 11 :

o g°C=¢
o g**1¢=9(9°C)
e g*¢ =V{g*¢|la < A} (if X is a limit ordinal, where V denotes the poinwise supremum)

and the following equivalent definitions in http://www.cs.man.ac.uk/ hsimmons/ORDINAL-NOTATIONS/Fruitful.pdf page 4 :

o " =id
o g*Tt =gog”
o ¢t =V{g*la <A}

and he generalizes these definitions to higher order functions.



Then Simmons defines the following functions :

Fixz f¢ = f“(C+1) = limit of (+ 1, f(C+ 1), f(f((+1)),... is the least fixed point of the function f which is strictly greater
than ¢, which means the least ordinal v satisfying f v =v and v > (.

Next = Fix w® = Fiz(a — w®) ; Next ( is the next ¢, after C.

[0]h = Fiz(a +— h™0)

[1]hg = Fiz(a — h*g0)

[2]hgf = Fiz(a — h*gf0)

.. and soon ...

In http://www.cs.man.ac.uk/ hsimmons/ORDINAL-NOTATIONS/OrdSlides.pdf Simmons gives another equivalent definition :
[0]h = Fiz(a — h*w)

[1]hg = Fiz(a — h%gw)

[2)hgf = Fixz(a — h%gfw)

Simmons also defines :
Veb f ¢ = (Fixz f)'*¢0 is the (1 + ¢)-th fixed point of f
Enm h o = h'T0
Veb= Enmo Fix
[0] = Fixz o Enm
FizoVeb= Fir o Enmo Fiz = [0] o Fix
Fizo Vebo‘ = [0]* o Fix
A0

| =
All] = Next w=¢€g
A[2] = [0]Next w = least v with v = Next'w = (
A[3] = [1][0]Next w = least v with v = [0]" Next w =T
A[4] = [2][1][0 ]Nea:t w = least v with v = [1]¥[0]Next w = LV O (large Veblen ordinal)
.. and so on .

5.1 Implementation

Here is an implementation of the Simmons hierarchy in Haskell :

module Simmons where

—-- Natural numbers
data Nat

= ZeroN

| SucN Nat

—— (Ordinals
data Ord

= Zero

| Suc Ord

| Lim (Nat -> 0rd)

-- Ordinal corresponding to a given natural
ordOfNat ZeroN = Zero
ord0fNat (SucN n) = Suc (ord0fNat n)

-- omega
= Lim ord0fNat

1lim0 s = Lim s
liml f x = 1im0 (\n -> f n x)
1im2 f x = 1im1 (\n -> f n x)



—-- this does not work :
—-- lim ZeroN s = Lim s
--— lim (SucN p) £f = \x > limp (\n -> f n x)

-- fra(x)
fpower0 f Zero x = x
fpower0 f (Suc a)
fpower0 f (Lim s)

"
|

= f (fpower0 f a x)
Lim (\n -> fpower0 f (s n) x)

o]
I

fpower 1 f Zero x
fpower 1 £ (Suc a) x
fpower 1 £ (Lim s) x

]
"

f (fpower 1 f a x)
1 (\n -> fpower 1 £ (s n) x)

-- fix f z = least fixed point of f which is > z
fix f z = fpower 1im0 f w (Suc z) -- Lim (\n -> fpowerO f (ordOfNat n) (Suc z))

-- cantor b a a+ w'b

cantor Zero a Suc a

cantor (Suc b) a = fix (cantor b) a

cantor (Lim s) a = Lim (\n -> cantor (s n) a)

-— exXpw a = w'a
expw a = cantor a Zero

-- next a = least epsilon_b > a
next = fix expw

-- [0]

simmonsO h = fix (\a -> fpower 1im0 h a Zero)

-- [1]
simmonsl h1l h0 = fix (\a -> fpower liml hl a hO Zero)

-- [2]
simmons2 h2 hl hO = fix (\a -> fpower 1lim2 h2 a hl hO Zero)

-- Large Veblen ordinal
1lvo = simmons2 simmonsl simmonsO next w

Il T T I T I O Y Hugs 98: Based on the Haskell 98 standard
[ N I Y I B Copyright (c) 1994-2005

[1===11 Il World Wide Web: http://haskell.org/hugs

I I Bugs: http://hackage.haskell.org/trac/hugs
I I

Version: September 2006
Haskell 98 mode: Restart with command line option -98 to enable extensions

Type :7 for help

Hugs> :load simmons

Simmons> 1vo

ERROR - Cannot find "show" function for:
**x* Expression : lvo
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*xx 0f type : Ord

Simmons>

5.2 Correspondence with Veblen functions

go is the next €, after 0 (or after w, or after any ordinal less than g9, so we have g = Neat 0 = Next w.
€1 is the next e, after eg, so we have 1 = Next g = Neat (Next 0) = Next?0 = Next (Next w) = Next?w.
g9 is the next e, after €1, so we have g5 = Next 1 = Neat (Next (Next 0)) = Next30 = Next (Next (Next w)) = Next3w.

€, is the limit of €, €1, €9, . ... It is the limit of Next'0, Next?0, Next?0, ... which is Next“0.
More generally, we have e, = ¢(1,a) = Next' 70 = Next! Tow.

Co = ¢(2,0) is the least fixed point of a — &, (greater than 0), so (o = Fiz(a — £4)0 = Fiz(a — Next'T20)0 = Fiz(a —
Next®0)0 (because the ”14” is ”absorbed” after a few iterations) = [0] Next 0. Since (p is also greater than w, it is also [0] Next w
according to a similar computation.

¢1 = ¢(2,1) is the next fixed point of a — &4, the least one which is strictly greater than (y, so (1 = Fiz(a — €4)( = Fiz(a —
Next®0)(y = [0]Next (o = [0]Next([0]Next 0) = ([0]Next)?0 = [0]Next([0]Next w) = ([0]Newt)*w

More generally, ¢, = ([0]Next) 0.

Similar computations give 19 = ¢(3,0) = [0]?Next 0 and n, = ([0]>Next) 0.

More generally, p(1 + 8,a) = ([O]BNext)HO‘O or ([0]° Next)' Tow.

'y = ¢(1,0,0) is the least fixed point (greater than 0) of the function o — ¢(«,0) or a — (1 + «,0) (for the same reason
of ”absorbsion” of ”14” than previously), so I'y = Fiz(a — ¢(1 + «,0)0 = Fiz(a — ([0]*Next)(1 4+ 0)0)0 = Fiz(a
[0]*Next 0)0 = [1][0] Next O.

Iy = ¢(1,0,1) is the next fixed point : T'y = Fiz(a — [0]*Next 0)Ty = [1][0]Next Ty = [1][0]Next ([1][0]Next 0) =
([1][0] Next)20.

More generally, we have ¢(1,0,a) = ([1][0]Next)!T<0.

©(1,1,0) is the least fixed point (greater than 0) of the function a — (1,0, ), so it is Fiz(a — ¢(1,0,a))0 = Fiz(a —
([1][0]Next)!T20)0 = Fiz(a — ([1][0]Next)*0)0 (absorbsion of 1+) = [0]([1][0] Next)O.

©(1,1,1) is the next fixed point Fiz(a — ([1][0]Next)*0)¢(1,1,0) = ([0]([1][0]Next)([0]([1][0]Next)0) = ([0]([1][0] Next))20.
More generally, (1,1, «) = ([0]([1][0] Next)) 0.

©(1,2,0) is the least fixed point (greater than 0) of the function a — (1,1, @), Fiz(a — ¢(1,1,a))0 = Fiz([0]([1][0]Next)!T*0)0 =
Fiz(o = ([0]([1][0]Next))*0)0 = [0]([0]([1][0]Next))0 = [0]*([1][0] N ext)0.

Like previously, ¢(1,2, «) is the (1 + a)-th fixed point of the previous function, which is ([0]2([1][0]Next))!+>0.

More generally, ¢(1, 3, a) = ([0]°([1][0] Next))T<0.

©(2,0,0) is the least fixed point (greater than 0) of the function 8 — ¢(1,3,0), which is Fiz(a — ¢(1,5,0))0 = Fiz(S —
([0]2([1][0] Next))*+00)0 = Fiz(B + [0]°([1][0]Next)0)0 = [1][0]([1][0] Next)0 = ([1][0])2Next 0.

The (1 + a)-th fixed point of the previous function is ¢ (2,0, «) = (([1][0])2Next)'+0.

The least fixed point of the function o — ¢(2,0, ) is ©(2,1,0) = Fiz(a — ¢(2,0,a))0 = Fiz(a — (([1][0])2Next)(1 + a)0)0 =
Fiz(a — (([1][0])2Next)*0) = [0](([1][0])2Next)0 and its (1 + a)-th fixed point is ¢(2, 1, ) = ([0](([1][0])*Next))1 0.

More generally, we have ¢(2, 3, a) = ([0]°(([1][0])?Next))*+<0.

The general formula with three variables (with v # 0 ) is ¢ (7, 8, a) = ([0]°(([1][0])Y Neat))*+<0.
In particular, we have (v, 0,0) = ([1][0])” Next0.

©(1,0,0,0) is the least fixed point of the function v — ¢(7,0,0), Fiz(y — ¢(7,0,0))0 = Fiz(y — ([1][0])YNext 0)0 =
[1]([1][0]) Next 0 = [1]?[0] Next 0.
All of these computations could be done with w instead of 0 at the end of the formulas so we also have (7, 3, a) = ([0]°(([1][0])” Next))
In a similar way, we can obtain the formula with 4 variables :

©(1,0,0,a) = ([1]2[0] Next)T0

(1,0, 1,0) Fiz(a — ([1]%[0]Newxt)*0)0 = [0]([1]%[0])0
¢(1,0,1,a) = ([0 KH [0]Next))*0
(1,0,8,a) = ([0)°([1]*[0]Next))' 0
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©(1,1,0,0) = Fiz(a+— ¢(1,0,a,0)]0 = Fiz(a — [0]%([1]2[0]Next)0]0 = [1][0]([1]?[0] Next)0

¢(1,1,0,a) = ([1][0]([1]*[0] Next))'*+*0

©0(1,1,1,0) = Fiz(a — ¢(1,1,0,a))0 = Fiz(a — ([1][0]([1]*[0] Next))*0)0 = [0]([1][0]([1]*[0] Next))0

¢(1,1,1,a) = ([0)([1][0]([1]*[0]next))) '+ 0

¢(1,1,8,a) = ([0 ([1][0]([1*[0] Neat))) 0

¢(1,2,0,0) = Fiz(a = ¢(1,1,,0))0 = Fiz(a = [0]*([1][0]([1]*[0]next))0)0 = [1][0]([1][0]([1]*[0] Next))0 = ([1][0])*([1]*[0] Neat)O
©(1,0,0,0) = [1]2[0] NextO

©(1,1,0,0) = [1][0]([1]?[0] Next)0

(1,2,0,0) = ([1][0])*([1]*[0) N ext)O

¢(1,7,0,0) = ([1][0])" ([1]*[0] Next)0

e(1,7, 8, ) = ([0]° (O] ([1J*[0] Next))) 0

¢(2,0,0,0) = Fiz(a — ¢(1,0,0,0)]0 = Fiz(a — ([1][0])*([1]*[0]Next)0]0 = [1]([1][0])([1]*[0]Next)0 = [1]*[0]([1]*[0] Next)0 =
([1]2[0])%2 Newt0

©(3,0,0,0) = ([1]%[0])’ Next 0

The general formula with four variables is :

¢(5d, v, B,) = (0] (([1[0]) (([M]2[0])° Next))) 0 = ([0} (([1][0]) (([1]*[0])° Newt))) ' +*w

The small Veblen ordinal is the limit of :
©(1) = w,9(1,0) = Next w,v(1,0,0) = [1][0]Next w, ¢(1,0,0,0) = [1]2[0] Next w, p(1,0,0,0,0) = [1]3[0]Next w, .. ..
This limit is [1]*[0]Next w = [1]*[0] Next 0.

Allowing variables at any finite or transfinite positions (which is equivalent to Schiitte brackets or Klammersymbols) gives
ordinals smaller than the large Veblen ordinal which is the least fixed point of the function « — ¢(14). It is Fiz(a — ¢(14))0 =
Fiz(a — [1]*[0]Next 0)0 = [2][1][0] Next O

[2][1][0]Next 0 or [2][1][0] Next w.

The conversion rule from Schiitte Klammersymbol to Simmons notation are described by Simmons in his paper : http://www.cs.man.ac.t
NOTATIONS/FromBelow.pdf (Simmons also wrote other papers but it seems to me that they contain inaccuracies and maybe
even errors).

In summary :

Fia f¢ = f*(C+1)

Enm h o = h't0

Next = Fiz(a — w®)

[0]h = Fiz(a — h*0)

[1lhg = Fix(a — h*g0)

a1 riantta se s £ 0. [0le i i —
Vv {i-&-l = ([1]*[0]) ifi#£0;[0]*if =0

oap+1 ... as+1| ap +1 ag + 1
V{z‘1+1 ls+1}_v{iﬁl}o[o]o...o[o]ov[iﬁl}
where f o g is the composition of functions f and g : (fog)x = f (g z)

1+ar ... 1+oas| 1+a7 ... 14+aoag .
SChLHl 1+2'J_E”m OV[Hil o1t |0

f may be any function but it is usually a — w®.

f(g 14+ay ... 1+a5>

1+ ... 147,
=sen 0 e
— (EnmoV 1112‘11 - lli?joFix)f(j
:(Enmov_(leiﬂo[O]o...o[O}oV_C;:iﬂoFix)fC
— Enm((V [leﬂ o[0]o...0[0]0V [i[:iﬂ)(ﬂxf))(
=(V {?11:11 o[0]o...0[0]0V Bif )(Fizf))+<0

If f=a— w?®, then Fix f = Next and
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¢ 1+aq ... 1+4as\ a1 +1 g +1 e
f(O 144, ... 1+, =(V]. o[0]o...0[0]oV i1 YNext)T¢0

Examples :

p(1+5,q)
e~ (5 1)

(|7 irinte s wopyeo

=((V {6—1’— 1} )Next)!T20
= ([0)° Next)'+0

p(l+7,1+48,a)

—emen (5 171

(@ " e wev |3 rinte s wopyeo
=((Vv [6—’— 1} 0[0]oV P+ 1} YNext)!T0

= (([0)7 o [0] o ([1][0])'+7) Newt) ' +0
= ([0]'"*2(([1)[o) 7 Neat)) ' +20
Compare with the previously found formula :

if 7 > 0,0(v, 8, a) = ((0]°(([1][0])" Next))' 0
and note the "round trip” 1+vy—=>~v+1—>1+4+1.

o(1+6,14~,14p5,a)

PN §)<a 148 1+7 1+5
0

—@ |71 oVP*ﬂ F*ﬂxma@»ﬁmH%
_ (( |:B+1:| ° ’Y;V‘ :| |: :|)N t)lJraO
= (([0]7 = [0] o ([1])[0])*7 o [0] [0])1+5)N€xf)1+"0
= ([0]*+2(([1] [o])**~ ([o] (([1]*[0 ])1+6N€$t))))1+“0
= ([0 ]“5(([1][0])1*”(([1] [0))'F° Next)))+0
because [0] is absorbed by the following operator (see http://www.cs.man.ac.uk/ hsimmons/ORDINAL-NOTATIONS/FromBelow.pdf
p 33, 6.7)

Compare with the previously mentioned formula :

(0,7, 8, a) = ([0]7(([][0])7 (([1]*[0])° Next))) 0

The equality

(€ 5 wb) (g 1113‘11 5 111‘;‘) — (v {j‘jjﬂ o[0]o...0[0]0V [?j:l})Next)l+C0
can be reformulated, distinguishing four cases :
o (6009 (§) = 00,0 =ut
o (£ W) <g ! i O‘) = (1 +0,0)=(V [O‘ N l] Newt)+€0 = ([0} Next)*+<0
o (6 M T )
— (v {O‘lf 1] o[0]oV (‘;‘;:f) o[0]o...0[0]0V [?Ziﬂ ) Neat) 0
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= (([0]*r o [0] o ([1]*2[0])**2 o [0 o ... o [0] o ([1]*[0]) ") Newt)' <0

(
(

= ([0 o ([1]2[0) 2 0 [0] o ... 0 [0] o ([1]**[0]) +< ) Next) ' *<0
= (([0]*+r o ([1)2[0]) 192 0. o ([1][0]) o) Newt) ' +0
The first separating [0] is combined with [0]*! giving [0]}*** and the other are absorbed.
et (5 415 L) o
=((V [?fill] o[0]o...0[0]oV [jjill])Nemt)1+<0

= (A o)+ o [0] 0. o [0] o ([1]** [0]) 1+ ) Neat) <0
= ([ [o)t*ero.. o ([ [0) ) Next) <0
The separating [0] are absorbed.

We can see that the third case is contained in the fourth one if we remove the restriction i; # 0 because if i; = 0 we have
([1]er[o]) e = [0]1 T like in the third case.

For more information concerning the correspondence between Simmons notation and Schiitte Klammersymbols, see :
http://www.cs.man.ac.uk/ hsimmons/ORDINAL-NOTATIONS/FromBelow.pdf pages 28 - 34.

The Simmons notation can also be used to represent the notation going beyond Veblen functions that we saw previously.
. S . . 1 .
As we saw previously, the large Veblen ordinal is the least fixed point of the function o + ¢(1,) or a +— (& — w®) (a)' It is

Fiz(a— ¢(14))0 = Fiz(a — [1]*[0]Next 0)0 = [2][1][0] Next 0. The fixed points of this function are enumerated by the function
F, so we have LVO = F(0). More generally, the (1 4 a-th fixed pomt of a s ¢(1,) is F(a) = ¢f (o) = ([2][1][0] Next) +0.
Then the fixed points of F = ¢} are enumerated by G = ¢j. The least fixed point of F is G(0) = ¢35 (0) = Fiz(a
([2][1][0] Next)1+20)0 = [0]([2][1][0] Next)0 (because of the absorbsion of ”14”) and its (14 a)-th fixed point is G(a) = ¢ (a) =
([0)([2[1)[0] Next)+0.

Then the fixed points of G = @3 are enumerated by H = (3. The least fixed point of H is H(0) = 3 (0) = Fiz(a
([0]([2][1][0] Next)+20)0 = [0]([0]([2][1][0]Next))0 = [0]%([2][1][0]Next)0 and its (1 + «)-th fixed point is H(a) = ¢F (o) =
(01 ([2][1][0] Neat))*eo0.

More generally, we have ¢, ,(0) = [0]%([2][1][0]Next)0 and ¢}, (8) = ([0]*([2][1][0] Next))*+50.

Then we generalize the function ¢ to any number of variables :

o (a, B) = 93 (B)

©*1(1,0,0) is the least fixed point of the function o — o1 (a, 0) = a +— [0]*([2][1][0] Next)0. Tt is Fiz(a — [0]*([2][1][0] Next)0)0 =
[1[0)([2][1][0] N ext)O.

Compare with ¢(1,0,0) = [1][0] N ext0.

More generally, like we found (7, 8, a) = ([0 ([1][0]) Net))1+0, we have ¢* (v, 6, ) = (0] ([L][0])([2I[1][0] Net)))+0.
Like we generalized the ¢ function to transfinitely many variables reaching all ordinals less than LVO = [2][1][0]Next 0, we
can generalize the o function to transfinitely many variables and reach all ordinals less than a new limit which we will call
LV O™ = [2][1][0]([2][1][0] Next)0 which is the least fixed point of a — [1]*[0]([2][1][0] N ext)0.

Then we can do the same with ¢+ = ®5 and we shall get similar results with ([2][1][0])*Next, and generally with @, getting
formulas with ([2][1][0])* Next.

The limit of Next 0, [0] Next 0, [1] [0] Next 0, [2] [1] [0] Next 0, [3] [2] [1] [0] Next 0, ...
or Next w,[0]Next w, [1][0]Next w,[2][1][0]Next w, [3][2][1][0]Next w, ...

is called the Bachmann-Howard ordinal (BHO).

It could be written [w...0]Next 0 or [w...0]Next w.

6 Rationalization of the Veblen functions

When we have defined the different notations, we have arbitrarily chosen some conventions, for example the limit of w,w®, w*", ...
have been called £g. We could have called it €;. In this case, e, would have been the a-th fixed point of ¢ — w¢ instead of the
the (1 + a)-th one. Also we chose to define p(0, o) = w®. We could have chosen to define ¢(0,«) = £4. The ?14+” which appear
in the correspondence between Simmons and Veblen notations may be due to the fact that the choices that have been made are
not the most logical.

We will define a rationalized variant of the Veblen notations which simplifies the correspondence with the Simmons notation :
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ca=¢(l,a)=e1,,=¢'(0,1+a)
Ca = 90(2705) = Ci+a = ()0/(17 1 + Cl{)

Na = P(3,0) =My =9 (2, 1+ )

Generally, p(1+ 8,a) = ¢'(8,1+ )

Iy = 90(13070) = 90,(1707 1)

Generally, if v # 0, (7, 8,a) = ¢'(v, 8,1 + )

e In a similar way, if v # 0 or § # 0, (6,7, 8, a) = ¢'(4,7, 8,1 + «) and so on.
With this notation, the correspondence with Simmons notation becomes simpler, for example we have :
e ¢/ = Next®( instead of ¢, = Next! 70
e ' (B,a) = ([0)° Next)®0 instead of p(1 + B3,a) = ([0]° Newxt)'+*0
o ¢'(v,8,0) = ([0)°(([1][0])" Next))*0 instead of ¢(v, B, a) = ([0]7(([1][0])" Next))!+*0
o ©'(6,7,8,a) = ([0]°(([L][0])" (([1]*[0])* Next)))' 0 instead of (8,7, 8, ) = ([0]° (([1][0])” (([1]*[0])’ Newxt)))' 0

It appears that the last variable (« in the previous examples) plays a different role from the other variables, so it could be more
logical to write for example gpgm,@ () instead of ¢'(4,7,3,a) and to consider that § is at position 0, v at position 1 and § at
position 2. In this case, we see that the position corresponds to the exponent of [1] in the Simmons representation.

We can also use collapsing to represent the index list, writing for example :

o I'o = ¢ (1) = pg(1)
e Ackermann ordinal = ¢} ;((1) = g2 (1)
e SVO = QO/QW(l)

This notation even permits writing ordinals that are out of range of Veblen notation like :

o LVO = ¢lq(1)
d 410/999(1)

7 RHSO notation

7.1 Basic principles

Like Simmons notation, the RHSO notation uses lambda calculus formalism.
The basic method consists in :

e Start from 0

e If we don’t see any regularity, take the successor (add 1)

e If we see a regularity and we don’t have a notation for it, invent it and jump to the limit
e If we see a regularity and we already have a notation for it, use it and jump to the limit.

The difficulty, which requires intelligence, is to see the regularities. It gives the following sequence :

0 : no regularity, take the successor

suc 0 : no regularity, take the successor

suc(suc 0) : regularity : suc repeatedly applied to 0. No notation, invent it : H f x = limit of x, f x, f (f x), ...
Hsuc 0 : no regularity, take the successor

suc(Hsuc 0) : no regularity, take the successor

suc(suc(Hsuc 0)) : regularity : suc repeatedly applied to H suc 0, notation exists

Hsuc(Hsuc 0) : regularity : H suc repeatedly applied to 0, notation exists
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e H(Hsuc)0 : regularity : H repeatedly applied to suc, notation exists
HHsuc 0 : regularity (suc 0, ..., Hsuc 0, ... HH suc 0, ... HH H suc 0, ...), invent notation Ry H suc 0 for the limit of this
sequence

R1Hsuc 0 : no regularity, take the successor
suc(Ry Hsuc 0)

suc(suc(Ry Hsuc 0))

Hsuc(Ry Hsuc 0)

suc(H suc(Ry Hsuc 0))

suc(suc(H suc(Ry Hsuc 0)))

H suc(H suc(Ry Hsuc 0))
H(Hsuc)(RyHsuc 0)

HH suc(RyHsuc 0)

Ry Hsuc(RyHsuc 0)

H(R,Hsuc)0

suc(H(Ry Hsuc)0)

suc(suc(H(Ry Hsuc)0))

Hsuc(H(Ry Hsuc)0)

suc(suc(H suc(H (Ry Hsuc)0)))
Hsuc(Hsuc(H(Ry Hsuc)0)))

H(Hsuc)(H (R Hsuc)0)

H H suc(H (Ry H suc)0)

Ry Hsuc(H(Ry H suc)0)

suc(Ry Hsuc(H(Ry Hsuc)0))
suc(suc(Ry H suc(H (Ry H suc)0)))
Hsuc(Ry Hsuc(H(Ry Hsuc)0))

suc(H suc(Ry Hsuc(H (R, Hsuc)0)))
suc(suc(H suc(Ry Hsuc(H (R1 Hsuc)0))))
H suc(H suc(Ry Hsuc(H(Ry Hsuc)0)))
H(Hsuc)(RyHsuc(H(Ry Hsuc)0))

H H suc(Ry Hsuc(H (R1 Hsuc)0))

Ry Hsuc(Ry Hsuc(H(Ry Hsuc)0))
H(RyHsuc)(H(RyHsuc)0)
H(H(RyHsuc))0

HH(R;Hsuc)0

Ry H(RyHsuc)0

H(R1H)suc 0

R1H(RyH)suc 0

Ri(R1H)suc 0

HR{Hsuc 0

R1HR{Hsuc 0 : invent notation RoR1H suc 0 = limit of suc 0, RyHsuc 0, RyHR;Hsuc 0, ...

RsRoRyHsuc 0 : invent notation R3. 1 Hsuc 0 and jump to limit
R, 1HsucO

Ro R, 1Hsuc 0 : invent notation R,41. 1Hsuc0

To progress faster, we can use the following rule :

If we have found an ordinal «, and later another ordinal 8 of the form f(s(sz)), we may produce an ordinal v = f([suc — 5,0 —
z]a)) where [suc — s,0 — z]a means the expression obtained by replacing suc by s and 0 by z in «.

For example :
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[suc — R1H,0 — sucla = R1H(R1H)suc
v = f([suc = R1H,0 — sucja) = R1H(R1H)suc 0

e a=R{Hsuc0

o = RiH(R;Hsuc)0
e s=RH

e 2z = suc

o fr=20

[ ]

[ )

With the following rules :

0:—0

Suc:x — suc T

H: f(fz)—>Hfx

Ry : ff* > le

Ry : fgfg—> Rafyg
Rs: fghfgh— > R3fgh

Repl : a, f(s(sz)) = f([suc — 5,0 = z]a)
we can produce the following sequence of ordinals :

:0:0

:suc0:suc0

: suc 1: suc (suc 0)

: H2: Hsuc 0

: suc 3 : suc (Hsuc 0)

: suc 4 : suc (suc (Hsuc 0))

: H5: Hsuc (Hsuc 0)

: H6 : H(Hsuc)0

: H7: HHsuc 0

: Ri8: RiHsuc 0

: suc 9 : suc (RyHsuc 0)

: suc 10 : suc (suc (RyHsuc 0))

: Repl 9 11[suc— > suc,0— > RyHsuc 0] : Ry Hsuc (RyHsuc 0)
: Repl 9 12[suc— > Ry Hsuc,0— > 0] : Ry H(Ry Hsuc)0
: Repl 9 13[suc— > R1H,0— > suc] : RyH(R1H)suc 0
: R114: Ry(R1H)suc 0

: Repl 9 15[suc— > R;,0— > H|: RiHR1Hsuc 0

: R16 : RoR1Hsuc 0

© 00 J O O = W N~ O

—_ =
)

e e e
DD U W N

—_
EN|

The rules Ry, Ro, R3, ... may be replaced by Hor Replif fl ... fn ... fl ... fnisreformulated in < fi, ..., fr, > (..(< f1, o0y fo > 1))
with < f1,..,fn>9=9 f1.--fn:

e 0:0:0

e 1:suc0:suc0

e 2: sucl: suc (suc 0)

e 3:H2: HsucO

e 4: suc 3: suc (H suc 0)

e 5: suc 4 : suc (suc (H suc 0))

e 6: Repl 3 5 [suc->suc,0->H suc 0] : H suc (H suc 0)
e 7: Repl 3 6 [suc->H suc,0->0] : H (H suc) 0

e 8: Repl 3 7 [suc->H,0->suc] : H H suc 0 = <H> (<H>1I) suc 0
e 9: Repl 3 8 [suc-><H>,0->I] : H <H> I suc 0

e 10: suc 9 : suc (H <H> I suc 0)

e 11 : suc 10 : suc (suc (H <H> I suc 0))
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12 : Repl 9 10 [suc->suc,0->H <H> I suc 0] : H <H> I suc (H <H> I suc 0)

13 : Repl 9 12 [suc->H <H>: I'suc,0->0] : H <H> I (H <H> I suc) 0

14 : Repl 9 13 [suc->H <H> I,0->suc] : H <H>1 (H <H> I) suc 0 = <H <H> I> (<H <H>I>I) suc 0
[
[

15 : Repl 3 14 [suc-><H <H> I>,0->1] : H <H <H> I>Tsuc 0 = [H <*> 1] ([H <*> I] H) suc 0
16 : Repl 9 15 [suc->[H <*> I],0->H] : H <H>I [H <*> I] H suc 0

e = [H<*>I HH<*>I Hsuc0=<[H<*>IH> (<[H <*> 1], H> I) suc 0

e 17 : Repl 3 16 [suc-><[H <*> I],H>,0->I] : H <[H <*> I}, H> I suc 0

More formally, the RHSO notation uses lambda calculus with De Bruijn indexes. A\.x is written [ x ] and variables are written *
kOHHK L or e ee eee ... forexample [... * ... ] =[.e.]=\x(.x.)

CI =C1I is defined by CI x f = f x.

CI x = <x>
<x1l,...,xn> f = f x1 ... xn
tuple n f x1 ... xn = f <x1,...,xn>

tuple 0 = <I>
tuple (n+1) f x = tuple n [ f (insert x *) ]
with insert x a £ = a (f x)

r0fx=x

r (n+1) £f x=f (rn f x)

r (1im g) f x = lim [r * f x]

H f x represents the limit of x, f x, £ (f x),
Hfx=rwifx

Ry =[H < o> I] = tuple 1[H o I]

Ry =[[H < o0, 0 > []] = tuple 2[H o I]

3 = [[[H<ooo oo o > J]]] = tuple 3[H o I|

= tuple n[H o I]

n...1 —R Rl

1= [S.ﬂn =< R,,...,R; >

1 =8 a1

1)0=1

n+ 1) = insert(tuple(n + 1)[H o I])([S....1]n)

@mmm

mgogo

—~

.1

L
L
H
or
LO =1im f O, £ 1,
Lnf=tuplen [ LO [ ** (£ x) 1]
Ln=1[tuplen [ LO [ ** Ckxx %) ]11]

= [[ tuple ** [ LO [ #* (xxx %) ]11]

= \n \f (tuple n \a (L0 \i (a (£ 1)) ) )

= 1im f 0, f 1,
x =L [f * x]
[[L [r * skx %%]]]

[

To represent the replacement [suc — s,0 — z| we can represent ordinals by ordinal functions which, when applied to suc and
0, give the considered ordinal. For example, R; Hsuc 0 is represented by the ordinal function s — 2z +— Ry Hsz, Ry H(R; Hsuc)0
by s — z +— RyH(R;Hs)z. From these ordinals, with the replacement [suc — R1H,0 — suc] we can produce a new ordinal
represented by s — z — ((s — z — R1Hsz)(R1H)sz) = s — z — R1H(R1H)sz) which, when applied to suc and 0, gives
R1H(RyH)suc 0.

Operations can be represented with replacements :

ea+f=[0—alf
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a- f=[suc— [o+ a]]|f = [suc— > [[0 — ee]a]]

af = [suc — [o-a],0 = 1]8 = [suc — [[suc — [[0 — o] o 08]]a], 0 — suc 0]
w® = [suc — [suc — Hsuc],0 — suc O)a = [suc — H,0 — sucja 0

g0 = [suc = R1H,0 — sucla0

€q = [suc = R1,0 — H|(1 4+ a)suc 0;1 + a = [0 — suc Ola

7.2 Correspondence with other notations

e suc0=0+1=1

e suc (suc0)=1+1=2

e HsucO0=w

e suc (Hsuc0) =w+1

e Hsuc (H suc0)=w+w=w-2

e H(Hsuc) 0 = w - w = w?

e HHsuc 0 =w"

e RiHsuc 0= limit of suc 0, Hsuc 0, HHsuc 0, HHHsuc 0,...=¢o = ¢(1,0) = ¢'(0,1) = Next w

o suc(RiHsuc0) =¢g+1

e RiHsuc(R1Hsuc0)=¢qg+eg=c¢p-2

(] RlH(RlHSUC)O = &0 €0 — 602

° RlH(RlH)SUC 0= 8060

e RyH(R H)(R H)suc 0) = &o=°

o Ri(RiH)suc 0 = g1 = ¢(1,1) = ¢'(0,2) = Neaxt(Next w) ( note again that the correspondence is clearer with the

rationalized function ¢’

We have previously seen that &1 is the limit of g9, 0%, 0% °, ... and is also the limit of gg + 1, w1, w“EO“, ... and we have
proved the equivalence of these two fundamental sequences. We have seen that the first fundamental sequence is equivalent to
w, 0", iqsow, ..., so we proved the equivalence of the two fundamental sequences by proving that for any n, we have :

w0 e
w?’ = £50

We will now see how we can prove it using RHSO notation.
First we will write the two sides of this equality using RHSO notation :
We will use the notation X ... X for X repeated n times.

e cg=RiHsuc0

o g0+ 1= suc(RyHsuc0)

o wootl =[suc — H,0 — suc](suc(RyHsuc0))0 = H(RyHHsuc)0 = H(RyHsuc)0
o w™" = H(R{HH)suc 0 = H(RyH)suc 0

u50+1
o W = H(R1H)Hsuc 0
w50+1
o w” = H(RyH)HHsuc 0
[ ]
wwEO
o v =H(RH)H... Hsuc0

e w=HsucO
o cf = [suc — R1H,0 — sucjw0 = H(R;H)suc 0
. 685 =H(R1H)(R1H)suc0

o &£ = H(R\H)(RiH)(RyH)suc 0

e ¢ =H(RH)...(RiH)(R H)suc0

We will now prove the equality H(RyH)H ... Hsuc 0 = H(R1H) ... (R1H)(Ry1H)suc 0 for any n by induction.
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For n = 0, the equality is trivial : H(RyH)suc 0 = H(RyH)suc 0.

We will now suppose H(R1H)H ... Hsuc 0 = H(R1H)...(R1H)(R1H)suc 0 for a given n and prove it forn 4+ 1 :
H(R\H)H ... HHsuc 0 = H(R H) ... (RyH)(R H)(R1H)suc 0

By elevating w at the power of each side of this equality, we get :
[suc = H,0 — suc|(H(R1H)H ... Hsuc 0)0 = [suc — H,0 — suc|(H(R1H) ...(R1H)(R1H)suc 0)0
(1) HRyH)H ...HHsuc 0= H(R H)...(R1H)(R1H)Hsuc 0

We also have :
H(R1H)...(RiH)suc 0= H(R1H)...(Ri1H)suc(suc 0)
which corresponds to the RHSO notation for :
co® c0®
gy =14¢;
by absorpsion of ”1+” and "suc”.
Now we elevate £ to the power of each side of this equality, which gives :
[suc = R1H,0 — suc|(H(R1H)...(Ri1H)suc 0)0 = [suc - R1H,0 — suc](H(R1H)...(RiH)suc(suc 0))0
Then we elevate w to the power of each side of this equality :
[suc = H,0 — suc|(H(R1H)...(R1H)(R1H)suc 0)0 = [suc — H,0 = suc|(H(R1H)...(RH)(R1H)(RyHsuc)0)0
H(RH)...(RiH)(RiH)Hsuc 0= H(R H)...(RiH)(RiH)(RiHH)suc 0
which can be simplified to :
Noting that the left side of this last equality is the same as the right side of (1), we get by transitivity of equality, equating the
left side of (1) with the right side of the last equality :
H(RH)H...HHsuc0=H(R1H)...(RiH)(R1H)(Ry1H)suc 0
which corresponds to the equality we wanted to prove for n+1.

Then the correspondence continues with :

o Ri(Ri(R1H))suc0=¢e9 =¢(1,2) = ¢'(0,3) = Next(Next(Next w))
HRiHsuc0=¢, = p(l,w) = ¢'(0,w) = Next*w

RiHR1Hsuc 0 = g,

RlHRlHRlHSUC 0= 8550

RoR1Hsuc 0=y = ¢(2,0) =¢'(1,1) = [0]Next w

The next step is (; which is the next fixed point of the function a +— &, the limit of (y + 1,€¢o+1:€ecypas-- - Ea 18 [suc —
R1,0 = H](1+ a)suc 0, or [suc = Ry,0 — H]a suc 0 if « > w by absorbsion of ”14”. This is the result of replacing suc by Ry
and 0 by H in « and applying the result to suc and 0. So by iterating this transformation we get that (; is the limit of :

o (o +1=suc(ReRiHsuc0)
Rl(RgRlHRlH)Suc 0= Rl(RgRlH)SUC 0
Rl(RQRlH)RlHSUC 0
Rl(RQRlH)RlHRlHSUC 0

In the previous correnspondence formulas, we can see a correspondence between RHSO and Simmons notations :

e Ry [0]

e Ry < Next

e H+w

e suc 0 at the end of the RHSO notation

If we apply this correspondence to ¢; = [0]Next([0]Next w) (see ”Simmons notation / Correspondence with Veblen functions”)
we get (1 = RoR1(RaR1H)suc 0.

This is the limit of :
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Rl(RgRlH)SUC 0
Rl(RgRlH)Rl(RleH)Suc 0
Rl (RQRlH)Rl(RQRlH)Rl (RleH)Suc 0

Compare with what we found previously :

Co + 1 = suc(Re Ry Hsuc 0)
Rl(RgRlHRlH)SUC 0= Rl(RgRlH)SUC 0
R1 (R2R1 H)RlHSUCO

R1 (RQRlH)RlHRlHS’U,CO

and with the previously proven equality :
H(RyH)H...Hsuc0=H(RH)...(RiH)(R H)suc 0

which could also be written :

H(RyH)H...Hsuc 0= H(R H)(R H)...(RyH)suc 0

There is probably a similar equality :

R1 (R2R2H>R1H N RlHSUC 0= R1 (RQRlH)R1(R2R1H) . Rl(RQRlH)S’LLC 0
which would prove the equivalence of the two fundamental sequences.

So we can go on with our correspondences :

RoR1(ReR1H)suc 0 =1 = ¢(2,1) = ¢'(1,2) = [0] Next([0] Next w)
H(RyRy)Hsuc 0 = ¢,

RgRlH(RgRl)HSUC 0= CCO

Ry(RaRy)Hsuc 0 =m0 = ¢(3,0) = ¢'(2,1) = [0]([0] Next)w

HRyR1Hsuc 0 = ¢(w,0) = ¢'(w,1)

RyH Ry Ry Hisue 0 = p(e0,0) = 9(9(1,0),0) = ¢/ (¢0, 1) = ¢/ (¢/(0, 1), 1
RaRyH Ry Ry Hsue 0 = 9(Go,0) = (5(2,0),0) = (G0, 1) = ¢/ (#'(1,1), 1)
RsRoR1Hsuc 0 =Ty = ¢(1,0,0) = ¢'(1,0,1) = [1][0] Next w

We may then extend our correspondence rule :

° Rg g [1]
e Ry [0]

e Ry < Next

e How

e suc 0 at the end of the RHSO notation

It is likely that this correspondence can be generalized in a simple and logical way, and it seems to me that the simpler
generalization is :

R»,H_g — [n]

R1 <> Next

H+w

suc 0 at the end of the RHSO notation

I will call it the ”Simmons - RHSO correspondence conjecture”.

Then, if the correspondence conjecture is true, the correspondence goes on with :

e RsRyR1Hsuc 0=T¢=(1,0,0) = ¢'(1,0,1) = [1][0]Next w

e R3(R3R3)R1Hsuc 0= ¢(1,0,0,0) = ¢’(1,0,0,1) = [1]([1][0]) Next 0 (Note that in the ¢ and ¢’ functions, the last variable
plays a different role than the others, as mentioned previously, so the most logical representation should probably be
©1,0,0(1) where the first 1 should be considered at position 2 and not 3, in this case its position corresponds to the number
of occurences (or the exponent) of R3 and [1])
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HR3RyR1Hsuc 0 = SVO = [1]*[0]Next w
R4R3R2R1HSUC 0=LVO = [2 [1] [O]Next w
R, 1Hsuc 0= BHO

Note the importance of using logical notations to make correct conjectures : if, instead of ', we use the less logical function ¢,
we have the correspondence :

e RiHsuc0=¢p=¢(1,0)
e RoR1Hsuc 0= (= ¢(2,0)

and we could think that it continues with :

e R3RoR1Hsuc 0=1n9=p(3,0)
e R, 1Hsuc0=p(w,0)

7.3 Going further with RHSO notation and collapsing

The Bachmann-Howard ordinal (BHO) is the limit of Ry H suc 0, Ry Ry Hsuc 0, R3Ro Ry Hsuc 0, . .. which we will write R, 1 Hsuc 0.
We can go on ascending ordinals after BHO :

BHO =R, 1Hsuc0

suc(Ry,.. 1Hsuc 0)

R, .1Hsuc (R, 1Hsuc0)

R, .1H(R,. 1Hsuc)0

R, 1H(R,. 1H)suc0

Ri(Ry,. .1H)suc 0

R, 1(Ry. 1H)suc 0

HR,, 1HsucO

RoR,, .1Hsuc 0

R3RyR,,. 1Hsuc 0

R,,. 2R, 1Hsuc 0 which we will write R,.2..1Hsuc 0
Ry, 3R, 2R, 1Hsuc 0 which we will write R,,.3...1Hsuc 0
R,2 1Hsuc0

Re,..1Hsuc 0= RR, Hsuc 0..1Hsuc 0

Then we can take the least fixed point of the function o — R, 1H suc 0 which we can also write [R,. 1 Hsuc 0]. This fixed point
is H[R,. 1 Hsuc 0]0 which we may also write R} Hsuc 0 if we define Riz xow3 = H[R,. 1712223]0. Then the ascension goes on
with :

H[R,. 1Hsuc 00 = RiHsuc 0

RyRIHsuc 0

RgRgR%HSUC 0

megR%Hsuc 0

H|[Ro. 2RiHsuc 0)0 = RIRIHsuc 0 = R} | Hsuc 0 with R}z 207304 = H|Re. 271227374)0
RiRARIHsuc 0 = R} [Hsuc 0

RY Hsuc0

H[R! Hsuc 0]0 = R?Hsuc 0 with R2z1x9w3 = H[RL |x12273]0
R3Hsuc 0

RYHsuc 0

H[RHsuc 0|0 = RI"°Hsuc 0 with R}z 2925 = H|[R$212213]0
R%’O"OHSUC 0

We can number the positions in the list of upper indices of R or introduce collapsing to write

e R} = R{* = R}
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1,0 _ pli _ pl:il _ pQ
o BRI — Rl — I — R
1,0,0 _ pls _ p2:1 _ pO?
o R0 — Rl2 — R21 _ R

We also need a notation for uncountable ordinals. We can take 2 = w; the least uncountable ordinal and use a notation similar
to the one we used for countable ordinals, replacing H by H; when w is replaced by 2 = wq, writing for example :

O =w; = HysucO
0?2 = Hy(H;suc)0
O = HH;suc 0

0% = H,Hysuc 0
Q0 = H H{Hisuc0

Then we can go on ascending ordinals by using greater and greater uncountable ordinals as upper indices of R, for example :
RH[RIHlsuc O]OHSUC 0
1

Because of the correspondence between RHSO and Simmons notations, we could probably do something similar with Simmons
notation.

8 Ordinal collapsing functions

An ordinal collapsing function is a function which, when applied to an uncountable ordinal, gives a countable ordinal.

The general idea is to define a set of ordinals C(a) or C(a,b) where a and b are ordinals, which contains all ordinals that can
be built using an initial set of ordinals and some operations or functions, and then define ¢(a) or ¥ (a,b) as the smallest ordinal
which is not in C(a) or C(a,b), or the least ordinal which is greater than than all countable ordinals of C(a) or C(a,b).
Different ordinal collapsing functions are described in http://googology.wikia.com/wiki/Ordinal notation .

These functions are extensions of functions on countable ordinals, whose fixed points can be reached by applying them to an
uncountable ordinal.

Here is a correspondence between basic notation systems and their collapsing extensions based on formula : least fixed point of

f=71):

Basic notation Formula Limit Extension Correspondence Crossing
Cantor cantor(a, B) | least a = cantor(a,0) | Taranovsky’s C | C(a, 5) =+ w® | C(Q,0) =g
=0+ w” =w* =g iff (o, 8) > «
Epsilon Ea least a = ¢, Madore’s P(a) = eq () = (o
= (o for all a < (y
Binary Veblen va(B) least o = (v, 0) 0 O(a, B) = p(a, B) | 0(2,0) =Ty
or o(a, 8) =Ty below T’y

8.1 Madore’s 9

This ordinal collapsing function is described in https://en.wikipedia.org/wiki/Ordinal_collapsing_function and http://quibb.blogspot.fr/

impredicative-ordinals.html .
The definition of this function uses the ordinal 2 which is the least uncountable ordinal.

C(«) is the set of all ordinals constructible using only 0,1, w, 2 and addition, multiplication, exponentiation, and the function 1

(which will be defined later) restricted to ordinals smaller than «.
() is the smallest ordinal not in C(«).

The smallest ordinal not in C(0) is the limit of w,w®,w®",...

a < (o, P(a) = G for o < a < Q, and P(Q + a) = £ o + @) for a <= (3.

Note that () = (o is the least fixed point of o — £,; we already saw such an equality when we introdiced collapsing in the

Veblen function.

The limit 1 (e + 1)) of (), ¥(Q2), p(Q2"), ...

Some examples of fundamental sequences (FS) are :
AFSofwis0,1,2 3, ..
A FS of ¥(0) is w,w®,w*", .. ..
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which is g, so ¥(0) = eo.

is the Bachmann-Howard ordinal.

More generally, ¢(a) = g, for all




A FS of p(a+ 1) is 1(a), (@)@, p(a) /@
A FS of ¥(£()) is $(0), (£ ((0)), b (F@(F(£(0)))), ...

For example :

A FS of 9() is 1(0),1(¥(0)), ¥ ((¥(0))), . . .
A FS of (- 2) is ¥(0),9(2 + 1(0)), ¥ (2 + (2 + ¢(0))), .. ..
A FS of 1(Q2 - 3) is 4(0), p(Q2 - 24+ QPO p(Q2 - 2 4 Q272427

)

8.2 Correspondence between Veblen functions and Madore’s

To distinguish between the different Veblen functions, let us call ¢ the Veblen function with finitely many variables, and @
the Veblen function with transfinitely many variables.

pr is a function which, when applied to a list of countable ordinals, gives a countable ordinal. A list of countable ordinals can
be seen as a function which, when applied to a natural number, gives a countable ordinal, with the restriction that the result
differs from O for finitely many integers. If we denote w the set of natural numbers and €2 the set of countable ordinals, then this
can be written : ¢p : (w — Q) — Q. If we replace o — 8 by 8%, we get Q%" and if we apply 1 to it, we get ¢ (Q%"), which is
the small Veblen ordinal, the least ordinal that cannot be reached using ¢r.

For @7, the position of a variable is represented by a countable ordinal instead of a natural number, also with the restriction
that finitely many variables differ from 0, so we have o1 : (2 — Q) — Q. If we replace « — 8 by 8%, we get 0o” , and if we

apply ¥ to it, we get ’(/J(QQQ), which is the large Veblen ordinal, the least ordinal that cannot be reached using 7.

8.3 0 function

0 function is a binary function. It’s defined as follows:

e Co(o,B) = {rly < BrU{0}.
o Cnyr(a, B) ={v+0l7,6 € Cu(e, B)} U{0(7,6)|7y < adey, 6 € O, B)} U{S|c € Cn(e, B)}-
e O(a, f) = Un<wCn(a, B)
o d(a, B) = min{c| (c € Cla, V)&V < B :v > 0(c,0))}
where Qy = 0 and Q, represents the a-th uncountable ordinal.

It means that 6(«, 3) is the (14 8)-th ordinal such that it cannot be built from ordinals less than it by addition, applying 6(d, .. .)
where § < a and getting an uncountable cardinal.
It seems that 0(c, 8) = p(«, 8) below Iy, making 6 function an extension of ¢ function. Even 6(T'g, 8) = ¢(To, 8) is true.

Other important values are :

See https://stepstowardinfinity.wordpress.com/2015/05/04 /ordinal2/ for more information.

8.4 Taranovsky’s C

C(a,b) is the least element above b that has degree a.
Definition: A degree for a well-ordered set S is a binary relation on S such that :

e Every element ¢ € S has degree Og (the least element of S). 0g only has degree Og.
e For a limit a, ¢ has degree a iff it has every degree less than a.
e For a successor a’=a+1, either of the following holds:

— An element has degree a’ iff it is a limit of elements of degree a.
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— There is a limit element d j= a such that for every ¢ in S, ¢ has degree a’ iff it has degree a and either ¢ j= d or ¢ is
a limit of elements of degree a (or both).

Note: The third condition can be equivalently written as Va(Cy 1 = lim(Cqy)V3d € lim(S)N(a+1)Cot1 = lim(Cy)U(CyN(d+1))),
where S is identified with an ordinal (so a+1 consists of ordinals < a),C, is the set of elements that have degree a, and lim is
limit points.

In other terms : Let n be an ordinal, and let Og and let Ld(a,b) be the statement that a is a limit of ordinals ¢ such that
(¢,b) € D. Let D be the following binary relation over 7 :

Va <n:(a,0) €D

Ya<n:a#0=(0,a)¢ D
e Vbe LimUn: (a,b) € D Ve<b: (a,c) €D

Vb: (a,b) € D & Ld(a,b+1)¥b : (a,b) € D < Ld(a,b+ 1)
e Vb:3de LimUn:d<=b=Ve:(c,a+1) €D (c<=dV Ld(e,b))

Then C(a,b) =minc:cenAc>bA(ca) € D.

C(a,b) = b+ w® iff C(a,b) > a.

For ordinals in the standard representation written in the postfix form, the comparison is done in the lexicographical order
where 'C" <’ 0/ </ € For example, C(C(0,0),0) < C(£,0) because 000CC' < OwC. (This does not hold for non-standard
representations of ordinals.)

The fundamental sequences of Taranovsky’s notation can be easily defined.

Let L(«) be the amount of C’s in standard representation of «, then a[n] = maz{5|5 < a A L(B) < L(a) + n}.

Here is a summary of the system by Taranovsky (see https://cs.nyu.edu/pipermail/fom/2012-March/016349.html) :

I discovered a conjectured ordinal notation system that I conjecture
reaches full second order arithmetic. I implemented the system in a
python module/program:
http://web.mit.edu/dmytro/www/other/OrdinalArithmetic.py

along with ordinal arithmetic operations (addition, multiplication,
exponentiation, etc.) and other functions. The ordinal arithmetic
functionality is useful even if you are only interested in ordinals
below epsilon_0O.

The notation system is simple enough to be defined in full here.

Definition: An ordinal a is O-built from below from b iff a<=b

a is n+1-built from below from b iff the standard representation of a
does not use ordinals above a except in the scope of an ordinal n-built
from below from b.

(Note: "in the scope of" means "as a subterm of".)

The nth (n is a positive integer) ordinal notation system is defined as
follows.

Syntax: Two constants (0, W_n) and a binary function C.

Comparison: For ordinals in the standard representation written in the
postfix form, the comparison is done in the lexicographical order where
’C? < ’0’ < ’W_n’: For example, C(C(0,0),0) < C(W_n, 0) because 0 0 0 C
C <0 W.n C.

Standard Form:

0, W_n are standard
"C(a, b)" is standard iff
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1. "a" and "b" are standard,
2. bis 0 or W_n or "C(c, d)" with a<=c, and
3. a in n-built from below from b.

I conjecture that the strength of the nth ordinal notation system is
between Pi~1_{n-1}-CA and Pi~“1_n-CA_O, and thus the sum of the order
types of these ordinal notation systems is the proof-theoretical ordinal
of second order arithmetic.

The full notation system is obtained by combining these notation systems

as follows:

Constants O and W_i (for every positive integer i), and a binary function C.
W_i = C(W_{i+1}, 0) and the standard form always uses W_i instead of
C(w_{i+1}, 0).

To check for standard form and compare ordinals use W_i = C(W_{i+1}, 0)

to convert each W to W_n for a single positive integer n (it does not
matter which n) and then use the nth ordinal notation system.

To make C a total function for a and b in the notation system (this is
not required for standard forms), let C(a, b) be the least ordinal (in
the notation system) of degree >=a above b, where the degree of W_i is
W_{i+1} and the degree of C(c,d) is c¢ if "C(c,d)" is the standard form.
A polynomial time computation of C(a, b) (that I believe is correct) is
included in the program.

To complete ordinal analysis of second order arithmetic, one would need:
* A canonical assignment of notations to formulas that provably in
second order arithmetic denote an ordinal, and such that for every two
ordinals/formulas, comparison is provable in second order arithmetic.
The idea is that the notation system captures not only provably
recursive ordinals of second order arithmetic but all ordinals that have
a provable canonical definition in second order arithmetic. For
example, W_1 is best assigned to the least admissible ordinal above
omega. A partial assignment is in my paper. (It is because of such
assignment that I believe that the system reaches full second order
arithmetic.)

* Proof that the system is well-founded and that it has the right
strength, etc. (If you do not fully understand the notation system, or
if you think that it is not well-founded, let me know.)

Historical Note: In 2005, I discovered the right general form of C,
defined a notation system at the level of alpha-recursively inaccessible
ordinals (FOM postings in August 2005), and had an idea for reaching
second order arithmetic. In January 2006 (or possibly late 2005), I
defined the notation system with W_2 and in 2009 (June 29, 2009 FOM
posting) implemented it is a computer program. This year I defined the
key concept -- n-built from below -- that allowed me to complete the
full notation system.

Details about the ordinal notation system and its initial segments are
in my paper:

http://web.mit.edu/dmytro/www/other/OrdinalNotation.htm

Sincerely,
Dmytro Taranovsky
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Here are some examples of representations of some ordinals :

e 0=0

e 1=0+w’=C(0,0
e 2=1+uw’=0C(0,1) =
e w=0+w'=0C(1,0)

e wt1=w+w’=C(0,w)=C(0,C(1,0))

o w 2=w+w!=C(1,w)=C(1,C(1,0))

e w?=0+w?=C(2,0)

o w¥ =0+w”=C(w,0)=C(C(1,0),0)

e W =0+w =C(w¥,0)=C(C(C(1,0),0),0)

® &g = @(1,0 Qla )

— (1 -2,0( - 2,0))
= C(Q1 - 3,0) with Q1 -3
o Ty =(1,0,0) = ¢(1,0,1) = C(C(Q - 2,91),0)
o Ty = C(2%,C(272%,0))

o T, =C(%+1,0)

e Small Veblen ordinal = C(2,“,0)

e Large Veblen ordinal = C(Q,%*,0)

e Bachmann Howard ordinal = C(C(Q2,1),0)

(0,1) = C(
(0,2) = C(
'(1,1) = C(C(Q1,0),0) = C(Q - 2,0) with Q; -2 = C(Q1,)
(1,2) = C(
(2,1) = ¢(

= C(Qla C<Ql7 Q))

= C(W,C(W,0)) (note that the correspondence with ¢’ is simpler than with )

= C(2?,0) with Q% = C(Q - 2,Qy)

See http://web.mit.edu/dmytro/www/other/OrdinalNotation.htm and
https://stepstowardinfinity.wordpress.com/2015/06,/22/ordinal3/ for more information.

9 Summary

Any ordinal can be defined as the least ordinal strictly greater than all ordinals of a set :

successor of «, {ag, ay, @s, ...} for an ordinal with fundamental sequence «ag, ay, s, ...

9.1 Algebraic notation

We define the following operations on ordinals :

e addition : o+ 0 = a5+ suc(B) = suc(a+ B);a+ lim(f) = lim(n — a+ f(n))
e multiplication : @ x 0 =0;a X suc(f) = (a x 8) + a;a x lim(f) = lim(n — a x f(n))

e cxponentiation : a® = 1; a*4<) = of x o; ofim(f)

9.2 Veblen functions

These functions use fixed points enumaration : ¢. ..
Ep(o..,6,£,0,...,0) for all § < B.

7B’07""

= lim(n — of (™)

0,7) represents the (14 )"
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9.3 Simmons notation

Fixfz = f*(z+ 1) = least fixed point of f strictly greater than z.

Next = Fiz(a — w®)

[0]h = Fiz(a — h%w) ; [1]hg = Fiz(a — h*gw) ; 2]hgf = Fiz(a — h¥gfw) ; etc...

Correspondence with Veblen’s ¢ : ¢(1 + o, 8) = ([0]*Next)Pw; ¢(a, B,v) = ([0)°(([1][0])*Next)) Hw

9.4 RHSO notation

We start from 0, if we don(t see any regularity we take the successor, if we see a regularity, if we have a notation for this
regularity, we use it, else we invent it, then we jump to the limit.

Hfx=1limx, fx, f(fx),...; R fgxr = lim gx, fgx, ffgx,...; Rafghx = lim hx, fghx, fgfghz, ...

Correspondence with Simmons notation : ..., [3] = R5,[2] — R4,[1] — R3,[0] - R2, Next — R1l,w — Hsuc 0

9.5 Ordinal collapsing functions

These functions use uncountable ordinals to define countable ordinals.

We define sets of ordinals that can be built from given ordinals and operations, then we take the least ordinal which is not in
this set, or the least ordinal which is greater than all contable ordinals of this set.

These functions are extensions of functions on countable ordinals, whose fixed points can be reached by applying them to an
uncountable ordinal.

Examples :

e Madore’s ¥ : (a) = e, if a < (p; () = (o which is the least fixed point of a — &,,.

o Feferman’s 0 : 0(«, ) = ¢(a, B) if « < Ty and B < T'g;6(£2,0) = I'y which is the least fixed point of o — ¢(c,0).
e Taranovsky’s C : C(q, 8) = 8+ w® if v is countable; C(1,0) = g9 which is the least fixed point of a +— w®.
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10 Comparison table

Name Symbol | Algebraic Veblen Simmons RHSO0 Madore Taranovsky
Zero 0 0 0 0
One 1 1 ©»(0,0) suc 0 C(0,0)
Two 2 2 suc (suc 0) C(0,C(0,0))
Omega w w »(0,1) w H suc 0 C(1,0)
w+1 suc (H suc 0) C(0,C(1,0))
wx 2 H suc (H suc 0) C(1,C(1,0))
w? ©(0,2) H (H suc) 0 C(C(0,C(0,0)),0)
w* (0, w) H H suc 0 C(C(1,0),0)
w*” ©(0,w") H H H suc 0 C(C(C(1,0),0),0)
Epsilon zero €0 €0 »(1,0) Next w Ri1Hsuc 0 (0) C(21,0)
€1 o(1,1) Nezt?w Ry (R H)suc 0 (1) C(Q21,C(Q4,0)
€ (1, w) Next“w HRiHsuc 0 P(w) C(C(0,),0)
Eeo o(1,0(1,0)) | NextNeztoy RiHR;Hsuc 0 P((0)) | C(C(C(94,0),€1),0)
Zeta zero o o ©(2,0) [O]Next w RyRyHsuc 0 P(2) C(C(,€1),0)
Eta zero Mo Mo ©(3,0) [0’ Next w Ro(RaRy)H suc 0 c(C(Q,0(2,9)),0)
©(w,0) [0]“ Next w HRy;R1Hsuc 0 C(C(C(0,91),€1),0)
Feferman Ty Iy »(1,0,0) [1][0]Next w RsRo Ry Hsuc 0 P (QF) C(C(C(, M),
-Schiitte =¢(2—1) = R3. 1HsucO 21),0)
Ackermann ©(1,0,0,0) | [1]2[0]Next w | Rs(R3Ra)RyHsuc 0 | %(Q%)
=p(B—1)
Small Veblen olw—1) [1]“[0]Next w HR3RoR Hsuc 0 | (Q%) C(02¢,0)
ordinal =C(C(C(C(0,9),
01),1),0)
Large Veblen least ord. | [2][1][0]Next w | R4R3RyRyHsuc 0 ’(/J(QQQ) cQ$,0)
ordinal not rep. =Ry 1Hsuc0 = C(C(C(C(21,2),
01),1),0)
Bachmann- least ord. R, 1Hsuc0 P(eqt1) C(C(Q9,€1),0)
Howard not rep.
ordinal
11 Links

http://www.madore.org/%7Edavid /weblog/2011-09-18-nombres-ordinaux-intro.html : Tutorial introduction to ordinal num-
bers in French

https://sites.google.com/site/pointlesslargenumberstuff/home/1/pglin?7tmpl=%2Fsystem%2Fapp%2F templates % 2F print %2F
: Pointless Gigantic List of Infinite Numbers
https://sites.google.com/site/largenumbers/home/appendix/a/infinite_numbers :
Il of Infinite Numbers

http://quibb.blogspot.fr/p/infinity-series-portal.html : Professor Quibb’s Infinity Series Portal
http://googology.wikia.com/wiki/Ordinal notation : Ordinal notation

https://sites.google.com/site/travelingtotheinfinity/ : Traveling to the infinity

http://www.cs.man.ac.uk/ hsimmons/TEMP /OrdNotes.pdf : A short introduction to Ordinal Notations by Harold Sim-
mons

http://www.mathematik.uni-muenchen.de/ buchholz/articles/jaegerfestschr_buchholz3.pdf : A survey on ordinal notations
around the Bachmann-Howard ordinal by Wilfried Buchholz

http://web.mit.edu/dmytro/www /other/OrdinalNotation.htm : Ordinal Notation by Dmytro Taranovsky
http://arxiv.org/html/1203.2270 : Higher Order Set Theory with Reflective Cardinals by Dmytro Taranovsky
https://wwwl.maths.leeds.ac.uk/ rathjen/realm.pdf : The Realm of Ordinal Analysis by Michael Rathjen
https://cage.ugent.be/ jvdm/Site/Research_files/DissertationJeroenVanderMeerenPrinted.pdf : Connecting the Two Worlds:
Well-partial-orders and Ordinal Notation Systemsj/a; by Jeroen Van der Meerenjbr,,
https://en.wikipedia.org/wiki/Veblen_function : Veblen function on Wikipedia

Shiis Saibian’s !!! FORBIDDEN LIST
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http://www.ams.org/journals/tran/1908-009-03/50002-9947-1908-1500814-9,/S0002-9947-1908-1500814-9.pdf : Continuous
increasing functions of finite and transfinite ordinals by Oswald Veblen
http://en.wikipedia.org/wiki/Ordinal_collapsing_function : Ordinal collapsing function on Wikipedia
https://en.wikipedia.org/wiki/Buchholz_psi_functions : Buchholz psi functions on Wikipedia
http://www.madore.org/%7Edavid /math/ordtrees.pdf : Ordinal trees
https://johncarlosbaez.wordpress.com/2016/06/29/large-countable-ordinals-part-1/ : Large Countable Ordinals by John
Baez, Part 1

https://johncarlosbaez.wordpress.com/2016/07/04 /large-countable-ordinals-part-2/ : Large Countable Ordinals by John
Baez, Part 2

https://johncarlosbaez.wordpress.com/2016/07/07/large-countable-ordinals-part-3/ : Large Countable Ordinals by John
Baez, Part 3

https://medium.com/@joshkerr /mind-blown-the-fast-growing-hierarchy-for-laymen-aka-enormous-numbers-d9a865c6443b :
Mind blown: the fast growing hierarchy for laymen — aka enormous numbers
https://sites.google.com/site/largenumbers/home : Sbiis Saibian’s Large Number Site
http://forums.xked.com/viewtopic.php?f=14&t=7469 : My number is bigger !

http://www.cl.cam.ac.uk/%7Ejrh13 /papers/reflect.html : Metatheory and Reflection in Theorem Proving: A Survey and
Critiquej/a;, by John Harrisonjbr;

http://math.stanford.edu/%7Efeferman /papers/penrose.pdf : Penrose’s G&ouml;delian argument by Solomon Feferman
http://www.turingarchive.org/browse.php/B/15 : Systems of logic based on ordinals by Alan Turing
https://coq.inria.fr/documentation : Coq documentation
http://wiki.portal.chalmers.se/agda/pmwiki.php?n=Main.Documentation : Agda documentation
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